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A B S T R A C T

In order to constrain the crustal velocity structures better, we developed a new nonlinear inversion approach
based on multi-frequency receiver function waveforms. With the global optimizing algorithm of Differential
Evolution (DE), low-frequency receiver function waveforms can primarily constrain large-scale velocity
structures, while high-frequency receiver function waveforms show the advantages in recovering small-scale
velocity structures. Based on the synthetic tests with multi-frequency receiver function waveforms, the proposed
approach can constrain both long- and short-wavelength characteristics of the crustal velocity structures
simultaneously. Inversions with real data are also conducted for the seismic stations of KMNB in southeast
China and HYB in Indian continent, where crustal structures have been well studied by former researchers.
Comparisons of inverted velocity models from previous and our studies suggest good consistency, but better
waveform fitness with fewer model parameters are achieved by our proposed approach. Comprehensive tests
with synthetic and real data suggest that the proposed inversion approach with multi-frequency receiver
function is effective and robust in inverting the crustal velocity structures.

1. Introduction

Teleseismic receiver function waveform contains the P-to-S con-
verted phases generated at subsurface velocity discontinuities and can
be derived from teleseismic waveforms by the deconvolution of the
vertical component from the horizontal components (Langston, 1979;
Owens et al., 1984). The receiver functions have been widely used to
estimate the shear velocity structures of the shallow and deep crust, the
undulation of the Moho, 410 and 660 km discontinuities (Andrews and
Deuss, 2008; Huang et al., 2015; Kosarev et al., 1999; Li et al., 2014,
2016; Vinnik et al., 1983; Zheng et al., 2005; Zhu and Kanamori,
2000). The receiver function waveform inversion has been proven to be
effective and reliable to determine the shear wave velocity, Vp/Vs ratio,
and crustal thickness as well as the undulation of lithosphere-astheno-
sphere boundary (LAB) (Borah et al., 2014; Graw et al., 2015;
Janiszewski et al., 2013; Julia et al., 2000; Kurose and Yamanaka,
2006; Lawrence et al., 2006; Li et al., 2012, 2013; Mangino et al., 1993;
Midzi and Ottemoller, 2001; Yuan et al., 1997). In crustal shear
velocity structure studies, most previous inversion algorithms utilized
single receiver function waveform with a fixed low-pass frequency.
Since receiver function waveforms with different frequencies could

include both long- and short-wavelength structures at the same time, it
would be a better idea to estimate the crustal velocity structures based
on multi-frequency receiver function waveforms. As shown in Fig. 1,
the nature of the crust-mantle boundary as a gradational change
dominates the large-scale receiver function waveforms at low frequency
(e.g. frequency is 0.48 Hz), while a low-velocity zone located in 15–
20 km in Fig. 1b results in the small-scale receiver function waveforms
at high frequency (e.g. frequency is 1.93 Hz).

Levin et al. (2016) estimated the vertical extent, or sharpness, of the
Moho transition based multi-frequency receiver functions, in which the
maximum vertical extent was calculated by the highest frequency
where the Ps pulse does not lessen. However, the receiver function
waveform inversion was not carried out in the study of Levin et al.
(2016). Tomfohrde and Nowack (2000) developed a frequency-band
inversion method, in which receiver function waveforms with different
frequency bands are used to investigate the crustal structure beneath
the Taiwan orogen. The method greatly stabilizes the iterative wave-
form inversion in which the longer wavelength structure can be
recovered at lower frequency and then with the upper cutoff frequency
increasing, more details would appear (Tomfohrde and Nowack, 2000).
Similarly, in order to acquire the trustworthy velocity model, Wu et al.

http://dx.doi.org/10.1016/j.cageo.2017.02.009
Received 16 May 2016; Received in revised form 3 January 2017; Accepted 14 February 2017

⁎ Corresponding author.
E-mail address: zwli@whigg.ac.cn (Z. Li).

Computers & Geosciences 102 (2017) 45–55

Available online 17 February 2017
0098-3004/ © 2017 Elsevier Ltd. All rights reserved.

MARK

http://www.sciencedirect.com/science/journal/00983004
http://www.elsevier.com/locate/cageo
http://dx.doi.org/10.1016/j.cageo.2017.02.009
http://dx.doi.org/10.1016/j.cageo.2017.02.009
http://dx.doi.org/10.1016/j.cageo.2017.02.009
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cageo.2017.02.009&domain=pdf


(2007) decomposed the receiver function waveforms into five resolu-
tion scales via Mallat's pyramid algorithm, and then invert the S-wave
velocity from the coarsest-scale to finer-scale receiver functions
iteratively. The coarsest-scale receiver functions can recover the
large-scale velocity model, which is taken as the initial model in the
further inversion for finer structures. Receiver functions with finer
scale can be used in the inversion to enhance the detailed structure,
and the final velocity structure would be obtained after several
iterations (Wu et al., 2007).

Although the frequency-band inversions conducted by Tomfohrde
and Nowack (2000), as well as the wavelet modeling approach of Wu
et al. (2007) can constrain the velocity with different scales, they are
conducted by linear inversion. Since the receiver function inversion is
known to be highly non-linear and non-uniqueness of its solutions
(Ammon et al., 1990), global optimizing techniques such as the DE

algorithm, Genetic Algorithms (GA) and Simulated Annealing (SA)
have been implemented successfully for receiver function waveform
inversion (Li et al., 2010; Shibutani et al., 1996; Vinnik et al., 2004).
Differential Evolution (DE) algorithm shows better performance in
resolving nonlinear problems (Storn and Price, 1997), and we will
apply it to the multi-frequency receiver function inversion to improve
computer efficiency.

In this study, our goal is to propose a new tool suitable for receiver
function inversions. In the following, we begin with a brief review of
receiver function inversion approach. The approach can provide a
constraint on the large- and small-scale velocity structures at the same
time and achieve the global optimal solution with fewer model
parameters (e.g., a small number of layers). Next, synthetic receiver
functions are constructed to test the validity of our method. Real
receiver functions from the KMNB station in the southeast China and

Fig. 1. Receiver functions (right) corresponding to eight velocity structures (left) with different gradational Moho given Gaussian factor of 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5 and 5.0.
Along with the increase of Gaussian factor, or cutoff frequency of receiver functions, finer and sharper phase appear in the waveforms. Besides, A low-velocity zone is placed in the crust
in (b), which results in complex seismic reverberations in the receiver functions. The incident P wave has a ray parameter of 0.06 s/km, which corresponds to the epicentral distance of
60°.
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the HYB station in India are also used to corroborate the proposed
approach.

2. Methods

Reflectivity techniques are utilized to compute three-component
synthetic receiver functions in a 1-D horizontally stratified isotropic
medium (Levin and Park, 1997; Li et al., 2010). The real receiver
functions are isolated by the maximum entropy deconvolution method,
which has been commonly applied in the isolation of real receiver
functions and can achieve high-quality receiver function waveforms (Ai
et al., 2003; Wu and Zeng, 1998; Zheng et al., 2005, 2008). A stacking
technique is carried out to calculate the average receiver functions, in
which the receiver functions are binned at the ray parameter interval of
0.004 s/km. As a result, the moveout correction is not of necessity for
this small interval in the receiver function preprocessing. The post-
stack reverberations after the first arrival obtained by our stacking
technique can be applied in the receiver function inversion, but
previous harmonic analysis method of receiver functions of Shen
et al. (2013) only uses 10 s waveform information after the first arrival
and discards the precious reverberations, which can also be applied to
constrain crustal structure.

The flowchart shown in Fig. 2 outlines the data processing and
inversion for the proposed approach. The inversion approach is based
on the DE algorithm, which has been employed in the earthquake
hypocenter location and receiver function waveform inversion (Li et al.,
2010; Ruzek and Kvasnicka, 2001). The basic strategy of the DE
algorithm can be described as the mutation which generates the
different vectors, the crossover which raises the diversity of the
perturbed parameter vectors and the selection which determines
whether or not a new vector should become a member of the next
generation (Storn and Price, 1997). The new population vector
possessing the minimum objective function will be retained after all
the iterations are finished. This objective function is defined with

∑E x w n
N

O t S t( ) = ( ) − ( )
i

M
i i

ir ir
=1 (1)

whereO t( )ir and S t( )ir are real and predicted radial receiver functions of
ith bins, respectively; wi can control the weight in the inversion; ni is the
number of stacked receiver functions with different ray parameters; N

is the number of all the receiver functions which is sum of ni; M is the
number of bins about receiver functions equaled to the number of
cutoff frequency. The cutoff frequency can be calculated by the
Gaussian factor, which is defined by

G w e( ) = w a− /42 2
(2)

In general, the Gaussian factor parameter, a, is used to quantify the
frequency which can be calculated by the given Gaussian factor
according to the Eq. (2) if the filter has a value of 0.1. In this study,
we select the Gaussian factors of 1.0, 1.5, 2.0, 2.5, 3.0, 3.5 and 4.0 by
the trial and error method; their corresponding frequencies are shown
in Table 1.

3. Synthetic tests

Three synthetic crustal models are tested to verify the multi-
frequency receiver function waveform inversion approach. Synthetic
receiver functions with multi-frequency are calculated based on the
synthetic models, and the frequencies (controlled by the Gaussian
factor) vary from 1.0 to 4.0 at the interval of 0.5. Ray parameters for all
the receiver functions are fixed to be 0.06 s/km. The time window of
30 s after the first P arrival is used in the inversion. In this time
window, Ps and reverberations between the free surface and Moho are
included to constrain the crustal structure effectively. The weighting for
different frequencies is set to be the same in the inversion, but it can
vary according to the signal-to-noise ratio of the real receiver function
waveforms. Besides the noise-free receiver functions, the random noise
of 10 per cent of the maximum amplitude of receiver functions is also
added to the synthetic receiver functions. Low-pass filters are applied
to random noise in order to match dominated frequency of noise to
frequency band of receiver functions.

The first test is present by a two-layer model (Fig. 3). The results
show that the objective functions (misfit) converge for the synthetic
datasets. With random noise datasets, the recovered velocity structure
is close to the synthetic model (Fig. 3a and c). The predicted receiver
function waveforms with 7 different frequencies maintain the consis-
tency with the synthetic waveforms (Fig. 3b and d). These consistencies
of retrieving results over the initial model suggest that our method is
effective for the two-layer model.

In order to further verify our approach, a model with five-layer
medium is built. As expected, the receiver function waveforms with
multiple frequencies have excellent waveform fits between the syn-
thetic and predicted waveforms at either high frequency or low
frequency (Fig. 4b and d). In the case of adding random noise, the
objective functions still converge and most of the velocity structures are
recovered (Fig. 4c and d). The signals caused by a low-velocity zone are
clearly revealed at higher frequency, but are almost smoothed out at
lower frequency. The results illustrate that the multi-frequency receiver
functions are effective for the complex model and can guarantee
satisfactory performance for both rough and fine structures simulta-
neously.

The third test consists of three inversion strategies for the same
model with a thin low-velocity zone located between 15 and 18 km in

Fig. 2. Flowchart of multi-frequency receiver function waveform inversion with a global
optimizing approach.

Table 1
The corresponding relationship among the Gaussian factors, frequency and pulse width.

Gaussian factor Frequency (Hz) where G (f)
=0.1

Approximate Pulse Width (s)

1.0 0.48 1.67
1.5 0.72 1.36
2.0 0.97 1.18
2.5 1.21 1.05
3.0 1.45 0.96
3.5 1.69 0.89
4.0 1.93 0.83
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the crust (Fig. 5). In the inversions, we focus on two inversion
algorithms, multi-frequency receiver function inversion based on the
DE algorithm and classic least-square linearized inversion method.
Two inversion strategies for traditional least-square method are
applied: Iteration inversion from low-frequency to high-frequency
and simultaneous inversion with multi-frequency receiver functions.
The waveform fits of receiver functions is excellent between the
classical least-square linearized inversion method with two strategies

and our method from Fig. 5. However, some differences of the velocity
structures recovered by three inversion strategies can be identified
distinctly. The DE algorithm uses fewer parameters without the initial
model and its result is more similar to the real model than other two
inversion strategies.

Fig. 3. (a) Inversion results using noise-free receiver functions of 7 different frequency for the two-layer model. Left panels show the decrease of objective functions as the increase of
trial. Right panels indicate the true (bold dashed black line) and inversed (bold red line) S-wave velocity model for noise-free data. (b) Receiver functions waveforms for 7 different
frequencies corresponding to (a). Black lines and red lines represent the true and inverted receiver function waveforms, respectively. (c) Similar figure to (a) but with 10 per cent noise of
the maximum amplitude of receiver functions. (d) Receiver functions waveform corresponding to (c).

Fig. 4. Similar figure to Fig. 3 but for the five-layer model.

X. Li et al. Computers & Geosciences 102 (2017) 45–55

48



4. Real data tests

In this section, the multi-frequency receiver function inversion
approach with a global optimizing method is applied to real data from
KMNB and HYB stations, which are located in the southeast of China
and Hyderabad, India, respectively. Previous studies have indicated a
simple crustal structure beneath two stations (Chong et al., 2016; Julia
et al., 2009; Kim et al., 2004; Kiselev et al., 2008; Sarkar et al., 2003;
Zhou et al., 2000), which contribute to the validation of our results. We
select 80 and 220 teleseismic events in the distance range between 30°
and 90° for earthquakes with magnitude greater than or equal to 5.5 for
KMNB and HYB stations, respectively (Fig. 6a and b). We choose the
radial receiver functions with the Gaussian factor of 1.0, 1.5, 2.0, 2.5,
3.0, 3.5 and 4.0, respectively. Then the receiver functions are stacked
into a few bins by the ray parameter interval of 0.004 s/km (Fig. 6c–f).
This stacking technique conspicuously improves the signal-noise radio
of receiver functions and employs a longer waveform window of
receiver functions other than harmonic analysis of receiver functions
of Shen et al. (2013). This harmonic analysis method of receiver
functions only uses 10 s waveform information after the first arrival
and discards the precious reverberations, which can also constrain
crustal structure (Shen et al., 2013). Meanwhile, H κ− stacking
method of Zhu and Kanamori (2000) is applied to achieve the Moho

depth and average Vp Vs/ ratio of the crustal structure (Fig. 7).
The inversion results are shown in Figs. 8–11. A window of 20 s

after the first arrival is used in the inversion, in which contains most
phases within the crust according to the real waveform records. As
anticipated, the inversion results show that the crustal structure is
relatively simple for KMNB and HYB stations, which is consistent with
previous results (Fig. 8). Receiver function waveforms fit well for Ps
phase, as well as reverberations, including PpPs, PpSs and PsPs phases
(Figs. 9 and 10). The waveforms vary from smooth to sharp ones with
frequency increased.

In order to verify the results at the KMMB station, the comparisons
of velocity structures are performed among ours, CRUST1.0, and the
model obtained by Kim et al. (2004) (Fig. 11a). Based on CRUST1.0
and Kim's models, we calculated the corresponding synthetic receiver
functions. The misfits between the synthetic and real receiver functions
corresponding to different cutoff frequencies are sketched in Fig. 11c.
The results suggest that the model produced by our new approach is
the best among the models from previous studies.

For the HYB station, the comparison of 7 models including our
study, CRUST1.0 and others is present (Fig. 11b). Comparing with the
velocity structures from previous studies, the recovered velocity models
have better fitness on the observed waveform data (Fig. 11d). Also, the
misfits of receiver function waveform gradually decrease with the

Fig. 5. (a) The iterative inversion result using the linearized least-square method from low to high frequency. (b) The inversion results using linearized least-square method by different
frequency. (c) The inversion results by multi-frequency receiver functions with the global optimizing approach of the DE algorithm. (d)–(f) correspond to the receiver functions of (a)–
(c), respectively. In linearized inversion, the damping factor, smoothing factor and number of iterations are 1.0, 1.0 and 5, respectively.
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increasing Gaussian factor. Considering the difference of initial data,
methods of calculating objective functions, and noise level of real
receiver functions, the misfits of these results just provide us with a
reference. Nevertheless, these results still demonstrate the effective-
ness and reliability of our method. Moreover, we prescribe fewer values
of model parameters (e.g. fewer layers) to obtain most of model
information in our tests.

5. Discussion

Synthetic and real data tests illustrate that multi-frequency receiver
function inversion developed in this study is effective and reliable. The
remarkable virtue of this approach is that it makes full use of receiver
functions in different frequency bands to constrain the crustal structure
simultaneously. Also, this method with a global optimizing method
avoids the dependence on the initial model and recovers the majority
information of crustal structure by only a few model parameters.

Fig. 6. Epicentral distribution of teleseismic events for receiver functions and two examples of receiver functions stacking. (a), (c) and (e) The KMNB station is located in the southeast
China. (b), (d) and (f) The HYB station is located in Hyderabad, India. The pre-stack (c and d) and post-stack (e and f) receiver functions for Gaussian factor of 2.5.
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Comparing with linearized inversion shown in Fig. 5, we found that
our method recovered the average velocity structures, which are quite
similar to the real model. For two strategies of the least-square
linearized inversion method, each layer thickness of the initial model
is 1 km. Although the waveforms fitting are good in Fig. 5e and f, the
extracted models are not perfect. The inversion leads to a phenomenon
of overfitting waveform, which may cause the non-uniqueness of
inversion.

The application of our approach to datasets from KMNB and HYB
stations confirms the major characteristics beneath the two stations as
same as previously obtained in other studies (Chong et al., 2016; Julia
et al., 2009; Kim et al., 2004; Kiselev et al., 2008; Sarkar et al., 2003;
Zhou et al., 2000). The misfits of our results are smaller than others for
KMNB and HYB stations (Fig. 11), but some other details should be
mentioned, such as the difference of initial data, methods of calculating
objective functions, and noise level of real receiver functions. These
factors will give rise to some influence on the misfits calculated.

Although some virtues have been illustrated in our study, several
issues about the method are still of necessity to be discussed. We gave a
coarse choosing for the Gaussian factor by the trial and error method,

and then the Gaussian factor was used to calculate the cutoff frequency
with the Eq. (2). As stated in Harland et al. (2009), this excellent
selection of Gaussian factor should consider the resolution and high-
frequency noise of receiver functions. In our approach, we tuned the
Gaussian factor via the trial and error so that we could achieve the
Gaussian factor with the minimum misfit. Although we used the same
Gaussian factor in the synthetic and real experiments, it could be
adjusted according to real problems.

Another controversial problem is the tradeoff between the low and
high frequency, especially with the gradational model and low-velocity
model. The forward modeling showed that the velocity discontinuity
with a gradational change and low-velocity zone cause the change of
receiver function waveforms (Fig. 1). According to the results of
forward modeling, the gradational model causes the attenuation of
different phases, and this attenuation grows with the frequency
increasing. Thus, we should apply more low-frequency receiver func-
tions if we want to invert the background velocity structures with the
gradation. On the contrary, the reverberations generated by the low
velocity zone are remarkable in the high frequency, but smoothed out
in the low frequency. As a result, we should use more high-frequency
receiver functions if we want to obtain the finer velocity variation with
low-velocity zone. In our tests, the equal weight was used for different
frequencies. This strategy could obtain the average crustal structure
constrained by the multiple frequency receiver functions (e.g. Figs. 3–
5). In real receiver function inversion, we can tune the weight of
different frequencies to achieve the excellent results.

To summarize, our goal is not to display the excellent results
obtained by the proposed approach nor to demonstrate that our
approach can outperform other methods in every instance. Instead,
our purpose is to describe a new tool suitable for application in receiver
function inversion. Our proposed approach still has some flaws in some
areas for further improvement. For example, only radial receiver
functions were used in the inversion. However, our proposed approach
can combine radial and transverse receiver functions in the inversions
at the same time, which can be used to constrain the anisotropic
structures.

6. Conclusions

We developed an effective and robust receiver function inversion
approach with multi-frequency waveform based on a global optimizing
method of the DE algorithm. With multi-frequency receiver function
waveforms, the proposed approach can effectively constrain on both
the long- and short-wavelength characteristics of the crustal velocity

Fig. 7. Results of H κ− stacking method for KMNB (a) and HYB (b) stations.

Fig. 8. The results inverted by the multi-frequency receiver functions waveform
inversion with a global optimizing approach of the DE algorithm for KMNB (a) and
HYB (b) stations.
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Fig. 9. Waveform fitting between real and synthetic multi-frequency receiver function waveforms at the KMNB station. Gaussian factor has the value of 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0,
4.5 and 5.0 from (a) to (g). Black and red lines represent the real and synthetic receiver functions, respectively.
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Fig. 10. Waveform fitting between real and synthetic multi-frequency receiver function waveforms at the HYB station. Gaussian factor has the value of 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5
and 5.0 from (a) to (g). Black and red lines represent the real and synthetic receiver functions, respectively.
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structures at the same time. Crust structures derived from our
proposed approach for two seismic stations are consistent with
previous results, but show much better fitness on the observed wave-
forms, suggesting that the multi-frequency receiver function waveform
inversion approach can reduce the non-uniqueness in the receiver
function inversion, and improve the crustal velocity model. The
proposed approach provides a new tool to investigate the crustal
structure.
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